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Abstract
A one-dimensional deterministic continuous dynamical system is studied and shown to exhibit chaotic behavior and complex trans-
port properties. Our model is an overdamped rocking ratchet with ﬁnite dissipation that is periodically kicked with a delta function
driving force, without ﬁnite inertia terms or temporal or spatial stochastic forces. This is perhaps the simplest model reported in the
literature for a ratchet that exhibits a complex chaotic behavior. We present both numerical and analytical results that predict many
key features of the system, such as current reversals, as well as the presence of chaotic behavior and bifurcation. In particular,
we show that alternate positive and negative delta functions as the unbiased driving force on a ratchet potential produces both
synchronized and chaotic regions.
c© 2015 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of The Organizing Committee of CSP 2015 conference.
Keywords: Dynamical Systems, Chaos, Ratchets, Synchronization
PACS: 05.60.Cd 05.45.Ac 87.15.Aa 87.15.Vv
1. Introduction
Chaotic behavior in continuous dynamical systems is observed if the phase space of the system has three or more
dimensions according to the Poincare´-Bendixson theorem. This is in contrast to discrete systems, such as the logistic
map, that show chaotic behavior regardless of their dimensionality. In this paper we present a simple one-dimensional
deterministic continuous model that exhibits chaotic behavior and complex transport properties.
Our model is a deterministic ratchet. It is well established that non-equilibrium ﬂuctuations can create a directed
current in the motion of Brownian particles in isothermal media when the thermal noise interacts with the ratchet
potential. On the other hand, even in the absence of noise, underdamped or inertial ratchets show complex dynamical
behavior, including chaotic motion, see e.g. Jung et al. (1996). This deterministically induced chaos to some extent
replaces the role of noise and produces certain unusual types of dynamical behavior, including multiple current re-
versals, Mateos (2000); Barbi and Salerno (2000), which is particularly useful for technological applications such as
biological particle separation, see e.g. Gorre-Talini et al. (1997); Dere´nyi and Astumian (1998); Ertas¸ (1998); Duke
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and Austin (1998). In the case of one-dimensional deterministic overdamped ratchets chaotic behavior has been ob-
served by Zarlenga et al. (2009) by avoiding the Poincare´-Bendixon theorem. For example, as shown by Popescu
et al. (2000), adding stochasticity to an overdamped ratchet with quenched disorder is one way to obtain chaos and
anomalous diﬀusion in the system. Long range spatially correlated quenched disorder also produces anomalous dif-
fusion in overdamped ratchets and both the amount of quenched disorder and the degree of correlation can enhance
the anomalous diﬀusive transport as shown by Gao et al. (2003). Our main interest in this paper is to gain a deeper
insight into the chaotic behavior of deterministic overdamped ratchet systems by considering positive and negative
delta functions as the unbiased driving force. The reason for using alternate positive and negative pulses as driving
force is twofold, on the one hand the integrability of the dynamical equations makes it possible to obtain analytical
maps of the particle dynamics, and on the other hand, due to the strong nonlinearity of the delta function the system
develops a rich dynamical behavior.
The outline of the paper is as follows. In Sec. 2 we present the kicked-ratchet model and discuss the synchroniza-
tion regions and the bifurcation diagram. The analytical map is derived in Sec. 3. Finally, conclusions are presented
in Sec.4.
2. The kicked ratchet: transport and synchronization
The model under study is an overdamped ratchet, where non-interacting particles move through a ratchet potential,
under a viscous friction with coeﬃcient γ. The particles are driven by a periodic force fT (t). The dynamical equation
for each particle is as follows:
γx˙ = Rλ(x) + fT (t). (1)
The conservative ratchet force is Rλ(x) = −dU/dx = cos(2πx/λ) + 0.5cos(4πx/λ) with spatial period λ = 2π, and
zero spatial mean value, 〈Rλ(x)〉x = 0. We follow Larrondo et al. (2003) and use γ = 0.1109 and μ = 0.5. The driving
force fT (t) =
∑∞
i=0(−1)i Jδ(t − iT/2), is an alternating periodic sequence of positive and negative delta functions with
weight ±J and period T . It has zero temporal mean value 〈 fT (t)〉t = 0 . Then the complete model under study is:
x˙ =
cos(x) + 0.5cos(2x)
γ
+
J
γ
∞∑
i=0
(−1)iδ(t − iT/2), (2)
with J and T as control parameters. Relevant scales are the spatial period of the ratchet λ for coordinate x, the period
of the external force T for the time t and vΩ = λ/T for velocities. The advantage of using delta function pulses is to
minimally disturb the system letting it to evolve free, between each pulse. Consequently it is possible to understand
the dynamics by only analyzing the ﬁxed points and the characteristic times of the autonomous system.
We integrated Eq. 2 using a fourth order, variable step, Runge Kutta algorithm. The studied region of the parameter
space is 0.8 < T < 2.0, and 0 < J < 20, with ΔT = 0.005 and ΔJ = 0.005. For J = 0 and T = 0.8 the system starts
at x = xmax  −1.19. This value corresponds to a maximum of the ratchet potential U(x). For the other values of T
and J = 0 the initial condition is the ﬁnal value for the previous T , reduced to the ﬁrst well. For the next value of
J = 0.005 and the starting value of T = 0.8 the initial condition is the ﬁnal value for J = 0 and T = 0.8, reduced to
the ﬁrst well. For the other values of T and J = 0.005 the initial condition is the ﬁnal value for the previous T , and so
on. This is the method II used by Larrondo et al. (2002). For each value of J and T , the initial data for a transitory
time of ttran = 100T is discarded and then the trajectory starts to be sampled before each positive delta function pulse
and it is stored from t = 100T to t = 160T .
Two aspects of each trajectory are considered: the rotation number of the oscillations and the current through the
ratchet. Let q be the number of periods of the driving force required for the state variable x and its derivative v = x˙
to repeat within an error Δx ≤ 0.01λ and Δv = 0.01vΩ respectively. This q is in fact the denominator of the rotation
number used in Larrondo et al. (2003). The synchronization is veriﬁed up to q = 60. The current is measured in units
of the mean velocity 〈v〉 = (x160T − x100T )/60T .
The results for the normalized mean velocity, 〈v˜〉 = 〈v〉/vΩ, and the q values, in the J − T parameter space show
that the particle oscillates with 〈v〉 = 0 and q = 1 for most values of T and J. But there are stripe-like regions
with interesting transport properties, where 〈v〉  0 and diﬀerent integer values of q are possible. The mean velocity
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Fig. 1. (a) Mean velocity 〈v〉, and (b) values of q are plotted in the J − T parameter space, with γ = 0.1109 and μ = 0.5. The indicator bar on the
right in (a) shows the corresponding values of the mean velocity. The color scale is: yellow for q = 1, cyan for q = 2, green for q = 3, purple for
q = 4, blue for q = 5, black for 6 ≤ q ≤ 32, and white for q > 32.
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Fig. 2. (a) The ratchet potential with ﬁxed points for γ = 0.1109 and μ = 0.5. Stable ﬁxed points are located at x∗s  −1.19606 + 2nπ, n ∈ Z.
Unstable ﬁxed points are located at x∗u  1.19606+2nπ, n ∈ Z. As shown in the ﬁgure, 2a = 2
∣∣∣x∗s
∣∣∣; (b) Bifurcation diagram showing the dependence
of the mean velocity (red) and the values of q (blue) as a function of T , with J = 0.3485.
is always negative meaning that particles only move backwards. The maximum value of the modulus of the mean
velocity is |〈v〉/vΩ| = 1, which corresponds to synchronized regions in the J − T parameter space with q = 1. A more
detailed discussion of these results are given in Zarlenga et al. (2015).
In Figs. 1(a) and 1(b) we show views of one of the stripes in the J − T parameter space. The dotted lines in the
ﬁgures mark the values J = 0.2653, and 0.4315, and T = 1.1034. The signiﬁcance of these regions are discussed
below.
We can give a simple explanation for the origin of the stripes in the J − T plane. Fig. 2 (a) shows the ratchet
potential as a function of the dimensionless units x/λ. As usual, in 1-D systems ﬁxed points are alternatively stable
and unstable. The location of stable ﬁxed points is x˜∗s = x∗s/λ = a  0.19036 + n and unstable ﬁxed points are located
at x˜∗u = x∗u/λ = −a  −0.19036 + n. Domains of attraction of the stable ﬁxed points are limited by non-stable ones. If
the starting position of a particle, x˜0, is in the domain of attraction of the stable ﬁxed point x˜si , without external forcing
the particle will move through the ratchet to this stable ﬁxed point. The bifurcation diagrams for 〈v˜〉 and q as functions
of T , with J = 0.3485, are shown in Fig. 2 (b). In these ﬁgures synchronization is found with a high precision using
errors Δx = 0.001λ and Δv = 0.001vΩ, respectively. A delta function with weight ±J forces the particle to jump from
x˜0 to x˜0 ± J/(γλ). This new position may be in a diﬀerent domain of attraction than the initial position. If this is the
case, the particle evolves inside a diﬀerent well. Suppose the particle starts at the stable ﬁxed point x˜∗s  0.19036. The
necessary condition for a positive current is J/(γλ) > 1 − 2a  0.6192. For λ = 2π and γ = 0.1109, this implies that
J  0.4315. Similarly, a negative current requires that J/(γλ) > 2a  0.3807, or J  0.2653. These values are shown
as dotted lines in Fig. 1. They correspond to the limiting values of each stripe zone. The negative current is favored,
because it requires a smaller value of J to reach the domain of attraction of a stable ﬁxed point to the left, rather than
to the right. Note that for 0.2653 < J < 0.4315 the negative 〈v˜〉 has a maximum absolute value of 1, because the
positive delta function pulse does not change the well of the particle but the negative one does. This analysis is exact
if T is high enough to allow the particle to reach a stable ﬁxed point between the delta function pulses. The value
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T = 1.1034 shown in Figs. 1 is the characteristic time over which the particle does reach the stable ﬁxed point between
delta function pulses within Δx. For 0.4315  J  1.2653 a positive delta function force moves the particle one well
forward and the negative one moves the particle one well backward. Consequently, 〈v〉 = 0 again. If J is increased to
J/(γλ) > 1 + 2a, meaning J  1.2653 a new stripe region appears. In this region, for the same T , the particle has the
same values of 〈v〉 as in the previous stripe, but 〈v〉/vΩ = −1, for example. This implies that the particle goes forward
one well and backwards two wells in each period T .
3. Analytical map
The autonomous system is 1-D and consequently it is possible to construct a 1-D map to analyze the transition
from regular motion with a rational value for v/vΩ, to an irregular chaotic region with an irrational value of v/vΩ.
The derivation of the map is as follows. Suppose at t = 0 the particle is at the position xn. Applying a positive delta
function pulse forces the particle to jump to position
x1 = xn + J/γ. (3)
After the force is applied, the system evolves following the autonomous diﬀerential equation γx˙ = cos(x) + μcos(2x)
that may be integrated until the end of the ﬁrst half-period t = T/2 when the particle reaches position x1/2. The
solution is:
T
2
=
23/2
33/4
⎧⎪⎪⎨⎪⎪⎩tanh
−1
⎡⎢⎢⎢⎢⎣
1 +
√
3
121/4
tan(
x1/2
2
)
⎤⎥⎥⎥⎥⎦ − tan−1
⎡⎢⎢⎢⎢⎣
−1 + √3
121/4
tan(
x1/2
2
)
⎤⎥⎥⎥⎥⎦
−tanh−1
⎡⎢⎢⎢⎢⎣
1 +
√
3
121/4
tan(
x1
2
)
⎤⎥⎥⎥⎥⎦ + tan−1
⎡⎢⎢⎢⎢⎣
−1 + √3
121/4
tan(
x1
2
)
⎤⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭ . (4)
Now, at t = T/2 a negative delta function force is applied and the particle jumps to position x2 = x1/2 − J/γ. From
then on, the evolution is autonomous during the interval Δt = T/2 and the particle ﬁnally reaches position xn+1 which
is the solution of the following equation:
T
2
=
23/2
33/4
⎧⎪⎪⎨⎪⎪⎩tanh
−1
⎡⎢⎢⎢⎢⎣
1 +
√
3
121/4
tan(
xn+1
2
)
⎤⎥⎥⎥⎥⎦ − tan−1
⎡⎢⎢⎢⎢⎣
−1 + √3
121/4
tan(
xn+1
2
)
⎤⎥⎥⎥⎥⎦
−tanh−1
⎡⎢⎢⎢⎢⎣
1 +
√
3
121/4
tan(
x2
2
)
⎤⎥⎥⎥⎥⎦ + tan−1
⎡⎢⎢⎢⎢⎣
−1 + √3
121/4
tan(
x2
2
)
⎤⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭ . (5)
In summary xn+1 = f (xn) is the solution of the system of equations 3 to 5. Figs. 3(a) and 3(b) show the analytical
map for T  0.81850 and T  1.11600, respectively, for J = 0.3485. These parameter values are inside the chaotic
regions (see Fig. 2). Figs. 3(c) and 3(d) show, respectively, zooms of maps in (a) and (b) showing that the tangent
bifurcation is the origin of the instability. The fact that the bifurcation is the origin of the instability is also conﬁrmed
by the 1/ f 2 behavior of the power spectra, as shown by Zarlenga et al. (2015).
4. Conclusions
We have introduced a minimal one-dimensional deterministic ratchet model in the overdamped regime driven by
alternate positive and negative pulses. The strong nonlinearity of the driving force produces a bifurcation pattern with
synchronized as well as chaotic regions. The integrability of delta functions allowed us to obtain analytical maps of
the particle dynamics and study the transition from regular to chaotic motion. We ﬁnd that a tangent bifurcation is
associated with this transition. Both our analytical 1-D map and the power-law behavior of the corresponding power
spectrum conﬁrm this. In addition, in Zarlenga et al. (2015) we have also shown that the synchronization regions of
both a continuous square wave and a pulse composed of a series of delta function pulses have equivalent dynamical
behavior. This indicates that the continuous driving force may be considered as a succession of pulses from the point
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Fig. 3. One dimensional map of the system showing the tangent bifurcation in two points of the parameter’s space. The system is the overdamped
ratchet with γ = 0.1109 and μ = 0.5. (a) T  0.81850 and J = 0.3485; (b) Zoom of Fig. (a) near the ﬁrst bifurcation point; (c) T  1.11600 and
J = 0.3485; (d) Zoom of Fig. (b) near the bifurcation point.
of view of the ratchet dynamical system.
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